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April 11, 2024

Exercise 1. Describe all solutions to the following linear systems.
(a)
r+3y—2z2=4
2r —y+32=15

r—z=3
(b)
r+y—22z=1
20 —3y+z2=1
r—z=2
(c)
r—2y =2
2y+32=4
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RREF since every column with a leading one has zeroes in the remaining entries and every
leading non-zero term is a one. Furthermore, since every column has a leading one, there are
no free variables. This matrix represents the equations|z =5,y =1,z = 2 ‘, so this is the only

solution.
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to the linear system.



0 2 3|4 0 1 3/2|2 0 1 3/2|2
There are leading ones in the first and second columns, but not the third column, so the third
variable z is free. This matrix represents the equations x + Oy + 3z = 6, Ox +y + 3/22 = 2.
Rewriting these in terms of the dependent variables, we have

© (1 ) 02) 2)/2 (1 -2 0 2) (H)+2(2), (1 0 3 6). This matrix is in RREF.

solutions to the linear system are: r=06—32 =2-3/2z z free

Another way of writing this is that the solutions to the linear system are the following set of
vectors:
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Exercise 2. Write down what it means for a matrix to be in row reduced echelon form (RREF).
Which of the following matrices are in RREF? For each matrix in RREF, write its rank.

(a) |0

&) |0 0 1 0

A matrix is in row reduced echelon form if: 1) the leading non-zero entry in each row is a 1. These
are the leading ones of the matrix. 2) In each column with a leading one, all the entries except for
the leading one are zero.

(a) Not in RREF, the fourth column has a leading one but has other non-zero entries in the
column.

(b) Yes this is in RREF. The rank is 2, since there are two leading ones.
(c¢) This matrix is in RREF. The rank is 2 since there are two leading ones.

(d) This matrix is not in RREF. The 4th column has a leading one but non-zero entries in the
same column.

(e) This matrix is in RREF. Its rank is 3 since it has 3 leading ones.

Exercise 3. Find values a and b so that the ellipse az? + by* = 1 goes through the points (3, 2)
and (17,12).

The ellipse containing these points means that plugging (z,y) equal to each of these points satisfies
the equation ax? + by? = 1. In particular,

9a +4b=1 289a + 1440 =1

This is a linear system corresponding to the following augmented matrix:
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This matrix is in RREF, and represents the equations ¢ = 1 and b = —2. Since there are no
free variables (every column has a leading one) these are the only solutions, so the only values of
a,b so the ellipse az? + by? = 1 goes through the points (3,2) and (17,12) are ’a =1,b=-2 ‘
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Exercise 4. Compute the following in the order of the parentheses, and observe they are the
same. This is an example of the rule A - (¥ 4+ @) = A- ¥+ A - for any m x n matrix A and
v,w € R" ie., Ais a linear transformation.

[2 —1 3] 0 1
(a) 10 1 1 ( 1{+160 )
10 1] \|[-1]  [-2
(2 —1 3] 0 2 -1 3 1
o1 1||1l+lo 1 1]]o
10 —1] |-1] |1 0 —1f [-2

Both of them are equal to

Exercise 5.

Compute the following in the order of the parentheses, and observe they are the same. This is an
example of the rule B - (A-¥) = (B-A) - ¢ for any m X n matrix B, n x ¢ matrix A, and ¢’ a vector
in RY.

2 —1 - 1 |1
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1 0|t . 0




